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Research Note

Optimal Growth with Exhaustible Resources
and Foreign Technology in a Small Open Economy

A. Aydin Cecen*”

This paper develops an infinite horizon optimal growth model
whereby the growth dynamics of a small resource economy is scrutinized.
The countty is assumed to extract its exhaustible resource for both
domestic production and export and it imports foreign technology to
enhance its domestic productivity. The optimal paths of resource deple-
tion, capital accumulation and productivity growth reveal that while out-
put, capital and consumption per capita all increase exponentially at a
constant rate, the resource is depleted asymptotically. '

I. Introduction

This paper attempts to analyze the optimal growth of a small open
economy that extracts its resource for domestic production and export pur-
poses, and simultaneously impotts foreign technology in order to increase
domestic productivity.

Various models of long-term international capital movements have
been set forth in order to describe a country’s patterns of growth (see, for
instance, Borts (1964), Hanson and Neher (1967), Onitsuka (1974). These
studies ignored the technological aspects of international capital
movements. Koizumi and Kopecky (1977} analyzed the role of tech-
nological transfers with the help of a descriptive growth model by assum-
ing that these transfers depend on the ownership of a country’s capital
stock: they found a negative relationship between a country’s indebted-
ness and its capital intensity. On the other hand, the optimal foreign
borrowing literature including Hamada (1965, 1966), Bardhan (1965),
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Hochman and Razin (1970), Clifton (1980) among others did not
discuss the role of foreign capital borrowed as a vehicle of technical
change. '

In the context of exhaustible resources a number of economists tackled
the question of the feasibility of steadily-growing per capita consumption
in closed economies with technical progress. More specifically, it has been
shown by Solow (1974) and Stiglitz (1974) that growing per capita con-
sumption s possible in a closed economy where the resource is essential
for production and the population grows exponentially. Yer these results
brought about by substitution effects between capital and the resource are
critically dependent on the assumption of exogenous technical progress.
Suzuki (1976), Kamien and Schwarez (1978), and Chiarella (1980)
criticized this assumption of cost-free technical progress and studied the
same problem for closed economies in the case of endogenous technical
progress that requires some fraction of domestic output to be invested in
research programs. Dasgupta, Eastwood and Heal (1978) generalized the
previous results by combining the effects of exogenous technical change,
international capital movements and optimal extraction rates in the
framework of an intertemporal growth model. Mote recently Moussavian
(1985) examined the growth of a resoutce exporting economy with a trad-
ed and 2 non-traded sector having exogenous technical progress.

The mode! we propose to analyze in this paper is in the same tradition
in that it strives to analyze the optimal growth of a resoruce economy with
technical change. Yet it differs from previous work in the resource
literature in that it actempts to scrutinize the impact of “‘foreign goods”’
imported (in order to enhance the technological level) on the optimal
growth of the resource economy. In other words the vehicle of technical
change is not, as it is usually assumed, the stock of foreign capital im-
ported or borrowed by the cconomy in question but the ffow of imported
foreign (high tech, for instance) goods used as an input in the domestic
production of the country.

H. The Model
Following Kemp and Long (1980), we assume that the aggregate out-
put Y of the economy is represented by a Cobb-Douglas production
function, suppressing the time argument t for all variables.
- 3 QL & &4
(1) Y=TTKZ2R’L

whete T is the level of technology at a certain point in time, K, Ry, and L
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are capital, resource and Iabor inputs respectively. Labor is assumed to be
stationary and, by choice of units, equated to one. There are no restric-
tions on returns to scale with respect to all four factors jointly but it is
assumed that there ate diminishing returns to capital and resource with
the possibility of increasing returns to technology. Hence, >0, i=1, 4
and 1-ay—o; > 0.

The economy exports part of the resource extracted R, and imports
foreign goods thar are used to improve the technological level of the coun-
try. Therefore the total flow of the investment-consumption good Y plus
the proceeds from resource exports should cover domestic investment,
consumption and total foreign imports. Assuming away depreciation we
can writc the instantaneous budget constraint as!

2 Y +p'(R, =K + C + p(0)F

where p(t} and p’ (1) ate respectively the relative world price of the foreign
goods imported, and that of the resource; K is investment, F the total
flow of foreign goods and C denotes consumption.

The foreign goods imported enhance the technical level of the country
so that

¢ T=®

where T is simply dT/dt and g(F) is the function that relates the flow of
foreign goods imported to the change of the technological level of the
economy. It is assumed that the principle of diminishing returns holds as
well for technological progress, hence,

@  g>0, g"<0

On the other hand, the resource is extracted at a rate R, for domestic
production and at R, for exports and the remaining stock is denoted by §.
Hence,

6)  8=-R;-R,, §(0)=S,>0

Depending on the adopted institutional framework, the planning
otganization of the economy or the representative consumer uses the
utilitarian criterion to maximize the discounted utility of per capita con-

1 Capital depreciation at 2 constant exponential rate can be easily introduced withour
changing the results of the model.
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sumption over an infinite horizon. Given a positive discount rate p, the
optimization problem of the economy can be written as:

Max  Jg e UQ) de
[C. Ry, Ry, F}

subject to
(6a)  K=Y-C-p(t)F +p’(OR,
(6b) S§=-R,-R,

(6)  T=g(F)
given K(0), 8(0), T(0). p and p(r).

Furthermore, we assume for analytical convenience that the welfare of
the economy can be represented by a logarithmic utility function,
although the results will not be altered if a more general constant elastici-
ty utility function of the form U(C) = C*/¢, 0<e <1 is adopted.?

{7 U(C) =InC

Finally, we assume that the country is small in the world markets for
foreign high tech products, hence the relative price p(t) of foreign invest-
ment goods is exogenously given and constant:? yet the economy is a
resource-rich one, therefore, the relative price of the resoutce p’(t) can be
influenced by the extraction rate Ry, i.e. p’(R;). Hence, we can write,

{8) pt}=p

The current-value Hamiltonian of the above system (6) can be written
as;

2 Indeed we adopt these specific functional forms for the sake of tractability. Yer, it
should be emphasized that these functions are not fo#ally ad hoc. For instance, the justifica-
tion of the choice of a Cobb-Douglas production function in the resource literature is given
by Kemp and Long (1980). They show that as the resource input goes to zero, some more
general production functions approach the Cobb-Douglas form. For the use of 2 logarithmic
utility {or constant elasticity utility} function see, Dasgupta, Eastwood and Heal (1978),
Takayama (1980), Chiarella (1980), among many others.

3 Again a constant relative price P is not crucial for the solution of the optimal program.
An exogenously given price p(t), which is consistent with our small country assumption, will
suffice to ger tractable results — except that it will introduce an additional parametet for the
growth rate of p(Y).
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1) H=InC+ 3 [Y-C-PF+p "R)R; ]+ 2(-R,-R,) + A; g

from which we can get the following conditions for the maximization of
the welfare functional 4

Optimality Conditions:

dH Yy
1 A e— ——A =
(10h) G =k =0

H _, rdp'®odp | rm o =
(10(:) E'R?—ll[ dR2 R.2+p (Rz)] 12—0

H - '
(iod) %?= —Mp+l; g’ =0
Costate Equations:

1 3 Y
- (11a) 7‘1=P7‘1*TI-IK=911—(“§‘1“<" v

(11b)  &y=php- % =pky

3 aH 0 gy
1 = _——_— = —_ ——
(M9 Ay =ehs= 7 =ehs-(h aT )
Transversality Conditions:

(12a)  lim e PA (OK(t) = 0; ltl_>m e P, (St = 0; ix_{n PR (0T{) =0
tae o bl

i = 20: i —p# 20 I —p =
(12b) Itl_x;tl e () =20; {1_{2 P 0=0; {1_{2 e () =0
In order to be able to get tractable results we have to specify the form of
the function g(F) as we have done in the case of the welfare and produc-

tion functions. Therefore we assume that g(P) is of the form,

(13) T=F, o0<a<i

4 These necessary conditions are also sufficient by virtue of the concavity of the maximand.
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Concentrating on the interior solution of the system (9) and denoting by

g, the growth rate of x, i.e., g, = = where % =-§]l, we can get the follow-
X t

ing results.

Differentiating (10a) logarithmically with respect to time, we get,

4L €
{14} aiL-i-—-C— =8, +&=0
1

Using (11a) with (14) we can write

Y
15 =22 =Y
15 ge=o P~ Yke
Equation (15) simply states that the discounted marginal utility of per
capita consumption grows at a rate equal to the marginal product of
capital; this is the classical Ramsey savings rule.

On the other hand differentiating logarithmically (10b) with respect
to time and using (11a) and (11b) we obtain

oY
K

_ aY
YR= S5}

(16) gYR = YK where YK =
which says that the proportional rate of change in the marginal product of
the exhaustible resource should be equal to the marginal product of
capital along the optimal path,: this is the well-known Solow-Stiglitz con-
dition for the efficient use of natural resources.’

To study the dynamic behavior of the system (6) we have o define
some new variables as it is often done in the exhaustible resource
literature. Hence we inttoduce the following new variables defined as

C Y

(17)  M=-Z;N= N=Bp R

T K S

Finally, following Dasgupta et al. (1978), we assume an inverse de-
mand function for the resource in the following form,

p'Ry) =RYT, 0<y<1

3 These results are the same for a closed resource economy as shown by Stiglitz {1974),
Solow (1974), Suzuki (1976), and Chiarella (1980).



OPTIMAL GROWTH 175

where 1/y-1 is the usual price elasticity of demand for the resource. Using
the appropriate growth rates and the newly defined variables in (17}, it is
possible to obtain the following simultaneous differential equartions
system (see the Appendix for details),

(18)  gu=M+(-1) N+pQ-N'—p

o Z { 1-oy—0;

D e = b M PQ-N) + (DN

Y - , '
(200  gp= 1_1% - 1;3 (M +PQ-yN') +P+P
_f % 5Q+ 1N’
(21 go = {ﬁQ(a—l) oc-—l} N+M+pQ++yN
. otzctiZ =2}
@ e el VY

Yo - .
09 v -{TE N+ M QN

@8 o= 2P

11

Equations (18)-(24) form a system of simultaneous differential equa-
tions whose steady-state solution can be found by equating the growth
rates to zefo, i.€., gy = gN = 8p =80 =&z = BNEp =0 Taking account of
the nonlinearity of Equations (21) and (22) and noting that P and P’ are
not independent in light of Equations (20) and (24), we can solve the
system for the steady-state values M,N,Q, Z, N'.6

— o, 4, AB-2py
(23) M= "y
(26) N= %3P (1-v)
o
o %P
5 (oo -pA)p
28 =t 7T

6 We have used the compurter package program MAPLE to solve this system of equations
(18)-(24). This program is capable of solving simultaneous equarions symbolically.
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29 f-{1®s)A-ap
o @3

and
P+pP=pu; where A = oy + oy + g
B = oo + a0y

C = oy + 2020,

D

207 + 20y-0t5

Furthermore, by using the definitions of new variables in Equation
(17) and equating to zero their growth rates for the steady-state solution,
we obtain

gr
60)  ex=gc=gr=gr=—r
and

(31 gr;=8r,=8s

Finally, substituting the steady-state solutions of Equations (25)-(29)
into the growth rates of C, Y, X, F, T (see the Appendix for these growth
rates), we can get

8T
(32)  gc=ex=gy=gr=—-=pm(l-1)-p .

Equation (32) simply implies that consumption, output, the flow of
foreign products and the technological level of the country all increase ex-
ponentially at a constant rate.

Moteover Equation (31) together with the growth rates of S, R, andR,
reveals that

B3)  gr,=8r,=8s5=—pxs

In other words, the growth rate of resource extraction for both
domestic production and export is the same and declines exponentially at
a constant rate. Therefore, the resource is depleted asymptotically.
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HOI. Conclusion

The paper analyzed the optimal growth of a resource rich open
economy that extracts its resource for both domestic production and ex-
port. The export of high tech forcign product is assumed to enhance the
technological level of the country. It has been shown that when certain
parametric conditions are satisfied, it is possible for the economy to enjoy
growing per capita consumption, output and capital, despite the finite
stack of its exhaustible resource.

Appendix
To get the growth rates of the newly defined variables in Equations
(18)-(24) we have to obtain first the growth rates of the variables in the

maximization problem and then find the growth rates of the newly defin-
ed variables in Equation (17). '

Dividing (6a) by K, we obtain,
() gg=N-M-pQ+N’
Similary, by dividing (6b) by S, (6¢) by T, we get
@  g=-PF
(3  gr=%Z
Nothing that Yg = oy -—E— Equation (15) can be written as
) gc=%N-p
In 2 similar vein, we can exptess Equation (16) as
() gy ==N

On the other hand, by differentiating logatithmically the production
function in Equation (1) with respect to time,

© gy=oy g7 + % Bk + %3 R,

Using Equations (1), (3) and (22), we can find gy and gp L 35
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Z o
M gy= " (M+FQ-YN) + ;N
—at3 1-a;
oy Z
8 =12 % B5O—+N*
® o= M+ BN

As long as F>0, we know from Equation (10d) that
(9) Xl § = 130&“_1

Differenting logarithmically Equation (9) with respect to time and us-
ing Equations (10d), (11a) and (1 1c), we obtain

L Yi
(10)  ge= o) Y- 1)

. Y
Furthermore, remembering that YT=%?" and Yg = a;(

possible to write

= tsz it is

' oo FlY  a,
11 = -
@y e BT ()

Also, noting that

HZ..=-—¥-—- a-1
ay TZ-Lr

We can write Equation (11) using Equation (12) as

oy NZ q

3 er= pla-1) Q  o-1 N

Now using the definitions of M,N,N’, P, P, Q and Z from Equation
(17), we can get 2 system of simultancous differential equations. Using
Equations (1) and (4) and noting that 8M = 8c-8x We can get

(19 gy =M+(2-1) N+PQ+yN'—

Similarly from gy = gy—gp, in view of Equations (1) and (7), gy can
be expressed as

o, Z. 1-o,—- _ ,
(15) gy= 1_1% + 1012;5 (M+pQ-TN") + (a,-1)N




OPTIMAL GROWTH 179

From gp= gz &5 using Equations (2) and (8), we can write gp as -

(16) gp _mZ % M +pQ-YN') +P+P’
. 1_“3 (1—@3)

Also from g0 = Br8k using Equations (1) and (13) we can get

amZ %

m— a1 —1} N+M+§Q-‘TN'

an  so=4

From g, = agpgr, using Equations (3) and (13), it is easy to sec that

Lo, awy
o e={ e

Finally, using similar substitution, one can get gy+ and gp/ as

(19 gy {21 N+MBQIN,

and

(20) gp' = N +P4 P

(y-1)
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